This paper examines the response of circular and square plates stluck by a rigid mass at the plate centre with a sufficient initial kinetic energy to produce large inelastic deformations. A simpliiicd analysis, which retains finite-deflection effects and assumes that the plates are made of a rigid, perfectly plastic material, provides a relatively simple theoretical solution for the maximum permanent Inusvet:;: displacement and the response duration. It transpires that the theoretical predictions give reasonable agreement with the maximum v e n t transverse displacements recorded in several experimental studies on fully clamped, circular and square ductile metal plates. The final theoretical expressions for the behaviour are easy to use and ideal for preliminary design purposes and would be sufficiently accurate for final designs in some applications. (-) a( )/at, t is time.
NOMENCLATURE
A .
Dimensionless initial kinetic energy [Eqns (4) and (12)l
INTRODUCTION
Many articles have been published over the years using the rigid-plastic methods of analysis to obtain the dynamic inelastic response of structures1-', but curient problems in this'field are now often solved using numerical Tiite-element schemes However, designers sometimes require approximate methods of analysis, particularly for preliminary design purposes while comparing competing designs before reaching a final decision. Rigid-plastic methods of analysis have been successful in predicting the behaviour of ductile structures subjected to large dynamic loads, mainly because of their reasonable accuracy and comparative simplicity, even when retaining the influence of finite-deformation^^.^. Moreover, the predictions of these methods are often adequate fot final designs when bearing in mind the paucity of information usually available on the dynamic material properties and the characteristics of impact loading.
An approximate theoretical method of analysis was developed by J o n e~~~~~~" , et al. for the. response of beams, plates and shells when subjected to dynamic transverse loads which produce large inelastic strains and permanent deformations. This procedure idealises the structural material as rigid, perfectly plastic and retains the influence of large transverse deflections. The method has been used by a number of authors largely to obtain the structural response for'dynamic pressure pulses and for impulsive loadings, and good agreement has been obtained with experimental work conducted on ductile metal beams, plates, and shells loaded impulsively.
The approximate method of analysissJ0." usually can also be used to predict the structural response due to impact loadings. It has predicted relatively . simple expressions for the permanent displacements of beams struck by large masses" which agree reasonably well w~t h the experimental results". However, except John1', et al. no author appears to have used the approximate method to study the impact loading of plates. The analysis by Jones1', et al. examines the response of a fully clamped circular plate when struck normally by a bluntended cylindrical mass, which produces transverse shear sliding in the plate around the periphery of the striker as well as bending deformations and membrane effects within the plate.
Relatively low velocity ~mpacts of plates is a common loading which must be considered in safety calculations, hazard assessments, and safety cases in many industries. The author aims to illustrate the use of the methods to study the impact behaviour of circular and square plates and to compare the predictions with the experimental results.
MASS IMPACT LOADING OF A CIRCULAR PLATE

-
The theoretical procedure developeds and outlined9 by Norman Jones1', was used to examine the response of a rigid, perfectly plastic circular plate of thickness, H, fully clamped around a circular boundary of radius, R, and struck normally at the centre by a rigid blunt-ended cylindrical striker of radius, a, and mass, G, travelling with an initial velocity, Vo, as shown in Fig. 16 ). The terms on the left hand side of Eqn (1) are the work rate due to the inertia forces, where A is the surface area of a plate and p is the mass per unit area. The first term on the right hand side is the energy .dissipated in the continuous axisymmetric deformation fields. The second term ' . gives the energy dissipated inn axisymmetric plastic bending hinges, each having an angular velocity (m~lar), across a hinge of length Cm. The final term is the plastic energy absorption in v axisymmetric transverse shear hinges, each having a velocity discontinuity (w),,and a length C". Equation (1) ensures that the external work rate equals the internal energy dissipation (Fig. 1) .
The dynamic response for the circular plate studied1* was split into two phases of motion. It can be shawn that transverse shear effects are important only during the early phase of motion9,I5, while membrane forces can dominate subsequent motion. Thus, Eqn (1) without the finite-deflection terms (i.e., membrafie forces neglected) controlled the behaviour during the first phase of motion, while Eqn (1) without the transverse shear deformation term-governed the behaviour of the final phase of motion. Equation (I), without the transverse shear term", is used here to illustrate the procedure for obtaining the response of the circular plate impact problem1', which is also shown in Fig. I(a) . If the kinematically Now, the solution of Eqn (2) with the initial conditions given by Eqn (3), and Wo = 0, predicts the maximum permanent transverse displacement when motion ceases at t = T where X = pV:R2/MoH (4) Equation (4) with p << 1, reduces to
The duration of motion when W , given by Eqn(4) is reached, (i.e., w = 0), is given by tan(gT) = ( l +~) (~/ g~) {l+(l+p+p2)/3yr1 (7) Figure 3 . (a) Rigid mass G striklng a squsre plate baving a moment resistance (mMJ around the outer supports (m = 0 and m = 1 give simply supported and fully clamped cases, respectively) and (b) side view of pyramidal-shaped transverse velocity field at time r for the square plate in Fig. 3(a) .
MASS IMPACT LOADING OF SQUARE PLATE
The general theoretical procedure', which was used to study a circular plate m Sectlon 2, can also be used to obtain the response of a square plate struck by a mass G, as shown in Flg. for an initially flat, rigid perfectly plastic plate which deforms with a number of rigid regions separated by r stationary straight line plastic hinges, each of length I,. 8 is the relative angular ' 1 velocity across a straight llne hinge, w is the transverse displacement along a line hinge, and N and M are the membrane force and bending moment, respecively which act on a plane which passes through a hinge and is transverse to the mid-surface of a plate. Now consider a square plate, 2L x 2L, which is supported around an outer square boundary having a bending resistance mMo, where m = 0 and m = 1 for the simply supported and fully clamped cases, respectively. It is assumed that the mass strikes the centre of a square plate, has a negligible crosssection when compared with the plate dimension, L, and produces a response characterised by the transverse velocity profile in Fig. 3(b) . Equation (8) for the impact problem in Fig. 3(a) when using the transverse velocity field in Fig. 3(b) and the square yield condition in Fig. 4 , yields the governing differential equation: where and y = G/4pL2
The peak value of the initial velocity, we, for the velocity profile in Fig. 3(b) , is obtained from the conservation of linear momentum, or Now, solving Eqn (9) and intrgducing the initial condttions Wo = 0 and Eqn (lo) for W, to eliminate the constants of integration, yields an expression for the time-dependent deflection of the plate. The motion of the plate ceases when W , = 0 at t = T. where and the associated maximum permanent transverse displacement at the plate centre is where h = pV:L21MoH Equation (12) with y >> 1 for a large impact mass relative to the plate mass gives:
where It should be noted that if Q >>I and Q I !~ >>I for very large impact loadings producing large permanent transverse displacements W,/ H >> 1, then which is independent of the boundary resistance factor, m, because of the dominance of membrane effects.
DISCUSSION
General Remarks
The theoretical procedure developed8-", and applied in Sections 2 and 3 for the impact loadings of circular and square plates, assumes that the material is rigid-perfectly plastic. In other words, the influence of material elasticity is ignored for impact loadings producing relatively large plastic strains. This assumption is reasonable when the initial kinetic energy is much larger than the maximum strain energy that can be absorbed by a structure in a wholly elastic manner. A conservative ratio between these two energies gives an energy ratio9, or and for the impact loaded plates in Figs I(a) and 3(a) , respectively.
The theoretical analyses use the transverse velocity fields in Figs I(b) and 3(b) which disregard any possible transient phase ofmotion. This simplification was studiedt6 for a rigid, perfectly plastic beam struck on the span by a rigid mass. It was found that such an analysis for beams with striker massto-beam mass ratios larger than 16.58 gave errors of less than 2 per cent when compared with an exact solution. A mass ratio larger than 8.25 leads to differences which are less than 4 per cent. Similar comparisons have not been reported for circular and square plates, but it might be anticipated that y, which is given by Eqns (3) and (9), would be related to similar differences.
It can be shown that Eqns (1) and (8) for the specific case of impulsive veloc~ty loadings and infinitesimal displacements reduce to the form of Martin's the~reml"~', so that such an analysis predicts a rigorous upper bound value for the maximum permanent displacements of rigid, perfect plastic continua and structures.
The theoretical analyses in Sections 2 and 3 employ the simplified yield conditions in Figs 2 and 4 which circumscribe the corresponding exact yield criteria. It is indicated that similar yield conditions, but having all dimensions 0.61 8 times as large would inscribe the associated exact one. Theoretical predictions for circumscribing and inscribing yield criteria are shown in Figs 5 to 7. It might be reasonable to assume that these predictions offer upper and lower bounds on the exact solution, although no theorems proving this supposition exist9. The method of analysis could be used to obtain theoretical solutions for an exact yield conditionsg for the blast loading of beams and rectangular plates. It transpires that these predictions are bounded by simpler theoretical solutions using approximate yield criteria which circumscribe and inscribe the exact yield surface.
Circular Plates
The theoretical predictions of Eqn (6), and the predictions of Eqn (6) with o0 replaced by 0.6180~ for an inscribing yield condition, essentially bound the experimental values in Fig. 5 for the maximum permanent transverse displacements of the impact loaded aluminium alloy platesB8. However, the energy ratios E, according to Eqn (15) range from about 1 to 3 for the experimental values in Fig. 5 . These are small ratios, although E, is defined very conservatively9 because local plastic deformations would occur at much smaller values of the elastic strain energy than the crude estimate which is used in the denominator of Eqn (15) . Rigid, perfectly plastic analyses have given acceptable predictions for beams with energy ratios19 as small as 3, but the comparisons in Fig. 5 suggest that reasonable accuracy can be obtained for even smaller energy ratios for plates. The theoretical predictions of Eqn (S), and of Eqn (5) with 0.6180~ replacing oo, bound the experimental results in Fig. 6 for the maximum permanent transverse displacements recorded by Tian and JiangZo on fully clamped circular plates struck by a mass at the centre. These test results were designed to explore the phenomenon of scaling and were obtained on geometrically similar plates having different thicknesses over a scale range of four. The energy ratios, E , for the experimental data in Fig. 6 , are between about 10 to 15 according to Eqn (15) . However, the mass ratio for these tests is y = 1.33 according to Eqn [3(b) ], which for the mass impact behaviour of a beam16, would lead to an error of about 10 per cent when compared with an exact solution. Unfortunately, no similar studies have been reported on plates, so that the error is not known for the impact behayiour of a plate with y = 1.33.
CIRCUMSCRIBING YIELD SURFACE, EQN ( 5 )
The experimental. dataz0, ,which is plotted in Fig. 6 , was obtained using YB 231-70 20g steel plate. This steel has low material strain rate sensitive properties since the flow stress at a strain rate of 171s increases only by 5 per cent when compared with the static flow stress. This should be compared with an average strain rate of about 71s for those test specimens in Fig. 6 with W,/H r 3, according to the equation given in the footnote on p.376 of Ref (9) .Thus, material strain rate effects are not expected to exercise a significant influence on the response.
Square Plates
Some recent experimental values obtained in the Impact Research Laboratory at the University of Liverpool are presented in Fig. 7 for the rnaxlmum permanent transverse displacements of fully clamped square steel plates struck by a mass at the centre. It is evident that the theoretical analysis given by Eqn (13) , and by Eqn (13) with coreplaced by 0.61800, bound all of the experimental data. The ratios y and E, are much larger than the one for all of the test results in Fig. 7 . Unfortunately, the strain rate sensitive behaviour of the material used for all of the square plates in Fig. 7 has not been obtained and, moreover, no experimental data appears -CIRCUMSCRIBING YIELD SURFACE. EQN (13) ---INSCRIBING YIELD SURFACE. EQN (13) to have been published for square aluminium alloy plates struck by large masses.
Final Comments
The agreement between the theoretical predictions of Section 2 on circular plates and the experimental results in Figs 5 and 6 is very encouraging, particularly because there is no uncertainty on the influence of material strain rate sensitivity. The aluminium alloy plates in Fig. 5 are made from a strain rate insensitive material, while, this phenomenon has an. essentially negligible influence on the behaviour of the grade of the steel plates reported in Fig. 6 . Figure 7 shows similar agreement between the theoretical predictions and experimental results for square plates despite being made of steel: Albeit with unknown material strain rate sensitivity characteristics. Now, it is estimatedv that the average strain rate is $ E v, W,/(~&LZ) in a square plate which predicts 0.8 < i. < 2.3/s, approximately, for the plates designated as 0 in Fig. 7 . Similarly, strain rates of 1.71s and 6.51s are estimated for the experimental results identified as A and X, respectively. These strain rates are small, but not negligible. It is well known that the strain rate sensitivity of steels decrease with an increase in strain [eg, 191. Thus, the influence of this phenomenon on the plates in Fig. 7 should be less important than that associated w i t h t h e usual strain rate sensitive coefficients evaluated for the yield stress. Clearly, more information is required on the strain rate sensitive characteristics of the materials used for the square plates in Fig. 7 .
The kinematically admissible transverse velocity profiles in Figs l(b) and 3(b) are adequate for the range of parameters studied in Figures 5-7 . However, it might be necessary to modify these transverse velocity fields for other cases, such as conical, hemispherical or other shaped impactors, or for impacts at non-central locations and for rectangular plates.
If the impact energies are sufficiently large, then a plate might crack. The threshold conditions for cracking have not been examined here, since these have been explored by many authors, including some recent studies on the impact failure ofbeamsZ2 and circular platesz3. Perforation of a plate could occur for even higher impact v e l o~i t i e s .~*~'~~
CONCLUSIONS
The response of circular and square plates, which are struck by a rigid mass at the plate centre, are studied using a simplified analysis which assumes that the plates are made from a rigid, perfectly plastic material. This theoretical method retains the influence of finite transverse displacements and could he used to study the behaviour of plates having any shape, a variety of boundary conditions, and a wide range of external dynamic loadings. Theoretical solutions using this method have already been published for the impact and blast loadings of beams, and the blast loading of plates and shells. Reasonable agreement between the theoretical predictions and experimental test results on ductile metal structures has been observed in the previous studies as well as in the present study. The main advantage of the theoretical'predictions lies in their simplicity and value for preliminary design studies.
The theoretical analyses and test specimens in the experimental programmes have large ductile deformations without any failure. However, the particular impact loading cases examined here are important potential test arrangements for obtaining the threshold conditions for failure (i.e., cracking). The test arrangement can be carefully controlled and the drop height of the striker raised until cracking just occurs in a virgin plate. Such tests are valuable for seeking the appropriate criterion which controls failure in collaboration with robust numerical finiteelement codes.
